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Abstract

A complete 4-partite graph Ko, my,ms,m4 is called d-halvable if it
can be decomposed into two isomorphic factors of diameter d. In the
class of graphs Ky, msy,ms,m, With at most one odd part all d-halvable
graphs are known. In the class of biregular graphs K., ms,ms,m, With
four odd parts (i.e., the graphs K, m m.n and Ky, m n.n) all d-halvable
graphs are known as well, except for the graphs K, m.n,n when d = 2
and n # m. We prove that such graphs are 2-halvable iff n,m > 3. We
also determine a new class of non-halvable graphs K., m,.ms,m, With
three or four different odd parts.
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1. INTRODUCTORY NOTES AND DEFINITIONS

A factor F of a graph G = G(V, E) is a subgraph of G having the same
vertex set V. A decomposition of a graph G(V, E) into two factors F (V, E1)
and F»(V, E5) is a pair of factors such that F1 N Fy = () and Ey U Ey = E.
A decomposition of G is isomorphic if F; = F5. An isomorphic decompo-
sition is also called a halving of a graph G. An isomorphism ¢ : Fy — Fj
is then also called a halving isomorphism, and the factors F; and F3 the
halves of G. The diameter diam G of a connected graph G is the maximum
of the set of distances distg(x,y) among all pairs of vertices of G. If G is
disconnected, then we define diam G = co. A graph, having a decomposition
into two halves (i.e., isomorphic factors) of diameter d is called d-halvable
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or simply halvable. The order of a graph G (or of a partite set of a complete
multipartite graph G) is the number of vertices of G (or of the partite set
of G). For terms not defined here, see [1].

Since 1968, when the well-known article by Bosdk, Rosa and Znam [2]
on decompositions of complete graphs into factors with given diameters
was published, different aspects of such decompositions of various classes
of graphs have been studied. See, e.g., A. Kotzig and A. Rosa [9], P.
Tomasta [11], D. Palumbiny [10], P. Hic and D. Palumbiny [8] for decom-
positions of complete graphs into isomorphic factors with a given diameter.
E. Tomova [12] studied decompositions of complete bipartite graphs into
two factors with given diameters, T. Gangopadhyay [7] dealt with decom-
positions of complete r-partite graphs (r > 3) into two factors with given
diameters.

Halvability of complete bipartite and tripartite graphs into connected
factors was studied by the author [3]; it was shown that a complete bipartite
or tripartite graph is d-halvable (for a finite d) only if d = 3,4,5,6 or d =
2,3,4,5, respectively. For each of the diameters all respective d-halvable
graphs were determined. Also halvability of complete r-partite graphs for
r > 4 [4] into factors with finite diameters and complete r-partite graphs for
r > 2 into disconnected factors [5] was studied by the author. Halvability of
complete 4-partite graphs into factors with finite diameters was studied in a
common article by the author and J. Siran [6]. For graphs with at most one
odd part it was shown that they are d-halvable for a finite diameter d only
if d =2,3,4 or 5 and for each of the diameters all such d-halvable graphs
were determined. As the complete 4-partite graphs with two or three odd
parts have an odd number of edges and therefore are not halvable, the only
remaining class containing halvable graphs is the class of graphs with all
odd parts. In this class, however, only partial results were proved. There
remain two gaps to be filled. The first one concerns halvability of graphs
with parts of three or four different orders, the other 2-halvability of graphs
Ky, nm,m- The purpose of this article is to narrow the first gap and to fill
the other.

2. GRAPHS WITH THREE OR FOUR DIFFERENT ODD ORDER PARTS

In this section, we present certain class of non-halvable complete 4-partite
graphs with parts of three or four different odd orders. Before we do that,
we briefly summarize relevant results proved in [6]. The first one restricts
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the range of possible finite diameters, which in the general case includes
diameters 2, 3, 4 and 5.

Theorem A. The graph K, my.ms,m, has no 5-halving for any odd numbers
myi,m2,ms,myq.

One of the two existing classes of biregular complete 4-partite graphs with
all odd parts, namely the class of graphs K, s, is shown not to be halvable
by the following result.

Theorem B. Let r, s be odd numbers, r # s. Then the graph K, s has no
halving.

We use below a modification of the methods used in [6] in the proof of
Theorem B to generalize the result for a certain class of complete 4-partite
graphs with all odd parts. Theorem B then follows as an immediate corollary
of the more general result.

The proof of Theorem B is based on the concept of halvability of a degree
sequence of a graph. Recall that the degree sequence of a graph G with

vertices v1,vg,...,U, is the non-increasing sequence D = (dy,ds,...,d,)
where d; = deguvy;) for a suitable permutation ¢ of the set {1,2,...,n}.
In general, two sequences B = (by,bs,...,b,) and C = (c1, ¢, ..., ¢,) of

non-negative integers will be called matchable if there exists a permutation
¥ of the set {1,2,...,n}, called a matching permutation, such that b; =
cy(i)- A sequence A = (ay,ag,...,ay,) is said to have a halving if there exist
matchable sequences B = (by,bo,...,b,) and C = (c1,¢2,...,¢,) such that
a; =b; + ¢; for each i € {1,2,...,n}.

To prove the above mentioned result, we use a slightly more general

concept. A sequence A™ = (al’,ay’,...,a)) is called an m-modular se-
quence of a sequence A = (aj,aqg,...,a,) if a” € {0,1,...,m — 1} and
a; = a*(mod m) for ¢ = 1,2,...,n. An m-modular sequence A™ =
(@}, a8, ..., al") is similarly said to have a halving if there exist matchable
sequences B™ = (b1",b05",...,b]") and C™ = (c*, ¢y, ..., ) of integers

of the set {0,1,2,...,m — 1} such that b]" + ¢ = a]*(mod m) for each
ie{1,2,... n}

Obviously, if a graph G has a halving, then the degree sequence of GG has
a halving. It is also easy to see that if two sequences B and C' are matchable
and B™ and C™ are their respective m-modular sequences for an arbitrary
m, then B™ and C™ must be matchable. Furthermore, if a sequence A
is halvable into sequences B and C, and A™, B™,C™ are their respective
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m-modular sequences for an arbitrary m, then the m-modular sequence A™
is halvable into B and C™.

Therefore, to prove that a graph G is not halvable it suffices to show that
there exists a number m such that the m-modular sequence of the degree
sequence of GG is not halvable. We use the idea now to prove the main result
of this section.

Theorem 2.1. Let Ky, iy ms,ma be a complete 4-partite graph with all parts
odd and m = 2" be a number such that mi; = mg = ms # my(mod m). Then
the graph K, mo.ms,ma %5 not halvable.

Proof. According to what we have seen above, to prove the assertion it is
enough to show that the m-modular sequence of the graph is not halvable.
Let P;,i = 1,...,4 be the partite set of order m;. If we suppose that
mi = mg = ms = u(mod m), my = v(mod m) and u # v(mod m), we can
see that the degree of every vertex x1 € Py is mo +mg+my = 2u+v =
s(mod m). Analogically, the degree of every vertex xzo € Py is my + mg +
my = 2u + v = s(mod m) and also the degree of every vertex z3 € Pj is
my + mg + my = 2u + v = s(mod m). On the other hand, the degree of
every vertex x4 € Py is my + mg + mg = 3u = t(mod m). We suppose
w.lo.g. that s,t € {0,1,...,m —1}. As u # v(mod m), it follows that
2u + v # 3v(mod m) or, which is equivalent, s # t. Thus the m-modular
sequence of the degree sequence of K, my ms,m, contains an odd number
p = mq + mg + m3 of entries equal to s and ¢ = my (also an odd number)
entries equal to t. We now denote the m-modular sequence of the graph

!/ !/ !/
Ky mamsms a8 A = (a1,02,...,ap,a1,05,...,a,), where a1 = ag = ... =
ap = s, ay = ay = ... = a;, = t and we suppose that it is halvable into
matchable m-modular sequences B = (b1, bz, .. .,bp, by, by,...,b}) and C =
(c1,€25-+-,Cp, €1, Chy ooy cy) such that b; + ¢; = aj(mod m) and b} + ¢} =

a;(mod m) for every i.

Above we have defined a matching permutation . For convenience
we now define a halving permutation 0 of the sequence A as a permutation
induced by the matching permutation v as follows: 6(a;) = ay;). This
means that 6(a;) = a; iff b; = ¢;, where j = (i). (Here the symbols
a,b,c stand also for a/,, ¢, respectively.) Let v be a cycle of a halving
permutation §. We want to show that v always contains an even number
of entries of the subsequence (aj,as,...,a,) as well as of the subsequence
(ah,ay,...,ay). Let 0(a}) = a1, 0(a;) = aj11 for i = 1,2,...,k — 1 and
O(ar) = ab. As b;+¢; =a; and b; = ¢;41 for i = 1,2,...,k — 1, it is easy to
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seethat ¢ =by =c3 =bys=... =byj =cgjp1 =...and b} = ¢ = b = ¢4
if kis even and b = ¢; = ¢ if k is odd. In the latter case it holds
then that b7 = by and hence 0’2 = b;. We can now remove all entries
ap,az,...,a (if k is even) or the entries ag, ..., ax (if k is odd) to “shorten”
the cycle v without changing parity of appearance of the entries of the
subsequence (ap,as,...,a,) in the new cycle. Therefore, to simplify our
considerations, we can define (with a slight abuse of the definition of a cycle)
a shortened cycle 7' of the cycle v as a cycle in which no two consecutive
entries belong both to the subsequence (ay,as, ..., ap,) or to (ay,adj, ..., ay).
In fact, the shortened cycle v' = (a4, ai,, i, al,, . .., ai,_,,ay) of length n
is just a subsequence of the entries forming the cycle v with the property

o / . . _ ro_ .
that bj; = ¢, and by =ci;, for j=1,2,...,n—2and b = ¢;,. Notice
that n must be even, otherwise there are two consecutive entries a;;,a;;,,

!/ /
or @, ;. -

It is clear that at least one shortened cycle of the permutation § must
be non-empty, as shortening removes even numbers of entries from both
subsequences that contain an odd number of entries each. Now we want
to show that every non-empty shortened cycle contains an even number
of entries of each of the subsequences to arrive at a contradiction. Let
(a1,a},a2,d,...,a;,a;) be a shortened cycle. Then by = ¢} and b} = daf —
¢y =t —bi(mod m). Because ¢y = b and ag = s = by + c2(mod m), we get
by = s—co = s—t+bi(mod m). Now by can be equal to by only if s = ¢, which
is not the case. Hence as is not identical with a; and the cycle 7/ continues
by a4. Thus after another “forwards” step we get ¢f, = by = s — ¢t + by and
similarly as above b = ab —ch, =t —(s—t+by) = 2t — s — by (mod m). Now
we have to take a “backwards” step and we get ¢3 = 2t — s — b; (mod m) and
bs = ag —c3 = 2(s —t) + by(mod m). In general, after j pairs of steps we
get b; = j(s —t) + bi(mod m). To close the cycle, we need b; = by (mod m),
which can occur only if j(s — ¢t) = 0(mod m). But this is possible only
if 5 = 0(mod m) since we have supposed that s # t. This yields j|m.
Since by our assumption m = 27, it follows that j = 2" for some r’ < r
and hence j must be even. So we have shown that every shortened cycle
(and consequently every cycle) contains an even number of entries from each
of the subsequences (a1, as,...,ap) and (ay,ay, ..., ay). This is the desired
contradiction, since both p and g are odd and there remains at least one entry
in each subsequence not belonging to any cycle, which is absurd. Hence the
m-modular sequence of the degree sequence of K, m, ms,m, is not halvable
and thus neither is the graph itself. [ |
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If we set my1 = mo = mg # my, Theorem B follows as an immediate corollary.
To see this, we just choose r such that m = 2" > max{mi, m4}.

Corollary 2.2. (Theorem B) Let r, s be odd numbers with r # s. Then the
graph K, ;. s has no halving.

The existence of another class of non-halvable graphs follows from the fol-
lowing simple observation.

Theorem 2.3. Let Ky, iy ms,ma be a complete 4-partite graph with all parts
odd such that mi; < mg < ms3 and mg > mq+ma+2ms3. Then K, mo.msma
18 not halvable.

Proof. Let A be the degree sequence of K, mo.ms,m, and B and C the de-
gree sequences of factors Fy and Fy of Ky, my ms,ma, respectively. Our aim
is to show that the first mq + mqy + mg entries of A are more than two times
greater than the remaining entries and therefore always one entry of the pair
b, ¢ (i < mj+mg+ms3) is greater than any aj, j > mj+mg+ms. Because
mq + mo + m3 is an odd number, at least one of the first mq + mq + ms
entries of B (or C) has no match among the entries c1,¢a, ..., Cmy+mo+ms
(or b1,ba, ..., bm,+metms). The largest of such entries is indeed greater than
any of Gy, tmotms+1> Cmy+matms+2; - - - > Cmy+ma+ms+m, and therefore can-
not be matched by any of bm1+m2+m3+1, bm1+m2+m3+2a s 7bm1+m2+m3+m4
(Or Cmi+ma+m3z+1; Cmi+ma+msz+2; - - -5 Cmy +M2+M3+M4) either.

Obviously, a1 = ag = ... = a;pm, = ma +m3 + my,

Omi+1 = Om42 = -« = Gmy+my = M1 + M3 + My,

Umy+ma+l = Qmy4mot2 = - - = Gy tmotmg = M1 + M2 + my and
my+mo+mz+1 = Gmy+matmz+2 = « -+ = Gmytmotmz+mg = M1+ M2 + m3.
Of course, a1 > az > ... > Gmi4motms > Omi+motms+l = .. =
Ami+ma+msz+my-

According to our assumption, it moreover holds that

my+matms = M1 +ma +my > 2my +2mo +2m3 + 1 = 2am; 4mo+ms+1 + 1.
If we put m; + mg + mg = 2k + 1 (which is possible, as my,mg, ms are
all odd), we can see that one of the subsequences (b1, b, ..., bm, +mytms);
(€1,€2, .-y Cmy+ma+ms), say the former, contains at least k + 1 en-
tries bj;,bj,,..., b5, that are greater than or equal to m; + mo +
m3 + 1 = am;+motms+1 + 1, while the latter contains at most k
such entries. If we want F; to be isomorphic to F5, the sequences
B and C must be matchable and therefore at least one of the entries
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b
(Crmy+matms+1s Cmy+matms+2s - - - s Cmy+ma+ms+ma ). Lhis is impossible, since
¢; < a; for any 7 and bj, > m1+ma+mM3 = Gmy+motmat+l = Gmy+motma+2 =
oo = Qg 4motmatmg for i =1,2,...,k+1. Thus B and C are not matchable
and Fj cannot be isomorphic to F5. [ |

15 0jas - - -5 bj,,, must be matched by an entry belonging to the subsequence

A slightly weaker but simpler version of Theorem 2.3 can be formulated as
follows.

Corollary 2.4. Let Ky, momsma be a complete 4-partite graph with all
parts odd such that my < mgo < m3 and my > 4ms. Then Ky, momsm, @5
not halvable.

The following is an easy but interesting consequence of Theorem 2.3.

Corollary 2.5. Let mi,ma,m3 be odd numbers. Then there are at most
finitely many halvable graphs K, momsma-

3. 2-HALVABLE GRAPHS K211 2n41,2m+1,2m+1

The following results were proved for the class of graphs Koy,11,2n41,2m+1,2m+1
in [6].

Theorem C. A complete 4-partite graph Ki 1 2m+1.2m+1 has no 2-halving
for any m > 1.

The assumption m > 1 is actually redundant, as for m = 0 we get a graph
K4 which has only one halving, namely the 3-halving into paths Py.

Theorem D. Let r,s be odd integers. A complete 4-partite graph K, , s
has a d-halving for a finite diameter d if

(a) d=4 and max{r,s} >3, or

(b) d=3 andr,s > 1, or

(¢c) d=2andr=s>3.
To obtain complete results on d-halvability of complete biregular 4-partite
graphs for a finite d, we have to solve the problem of 2-halvability of graphs
K, ;s with r,5 odd, 3 < r < s. The following construction shows that all
such graphs are 2-halvable.
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Construction 3.1. We first present a 2-halving of the smallest graph of the
class, K335 5 and then we show how to extend the factors into isomorphic
factors of diameter 2 of any graph of the class K, s, with r,s odd. The
assumption r < s is not necessary for » > 5, as the construction actually
also covers the case 5 < r = s.

The main idea is the following. We take a complete bipartite graph
K&g with the parts V1 = {1)11, V12, - .- ,’018} and V2 = {1)21,1)22, PN 77)28}
and find its 3-halving into factors F} and F, with the property that the
complementing isomorphism ¢ : F; — Fb takes V; onto V5 and vice versa.
Moreover, we construct the factors such that in F; every vertex vy; has at
least one neighbour in the subset Vo; = {v91, v22,v23} and another one in
the subset Voo = {vo4,v95,...,v28}. One can see that since diamF; = 3,
then distp, (vis,v1;) = distg, (ve;, v9;) = 2 for every i # j, i,j € {1,2,...,8}.
Obviously the vertices at distance 3 apart belong to different parts. If we
now add to the factor Fy of Kgg all edges of the complete bipartite graph
K35 with the parts induced by the sets Va; and Vag, we get a factor F of
the graph K3 355 with partite sets Vi, Vi2 (which we determine instantly),
Vo1 and Vas. As every vertex vi; has one neighbour in V51 and one in Voo
and every vertex of Vo is in F] adjacent to all vertices of Vag, we can see
that dist (vii,v95) < 2 forevery i,j € {1,2,...,8}. If we now choose V7; as
d(Va1) and Vi as ¢(Va2) and add the edges of the complete bipartite graph
K3 5 with the parts Vi1 and Via to the factor F, we get the other factor F;
of the graph K3355.

One can check that the factor Fy| with the adjacency matrix A shown
in Figure 1 and the complementing isomorphism ¢ defined by the cycles
(Un, V23, V13, U21), (U12, V22, V14, 1124), (U15, V27, V17, 1125), (U16, V26, V18, U28) pos-
sess the required properties and together with its complement with re-
spect to K3355, Fj, forms a 2-halving of K3355. The partite sets are
Vit = {vi1,n3,v14}, Viz = {viz,vi5,..., 018}, Vor = {v21,v22,v23} and
Voo = {va4, v25, ..., v2g}.

To construct factors of graphs Kop321+355, we extend the parts Vi;
and Vo1 of order 3 into parts of any order 2k + 3 just by “blowing up”
every vertex of the cycle (vi1,ve3,v13,v21) by adding k “copies” of the re-
spective vertex in both factors. To be more precise, we add k new vertices
vi;,vd, ..., vF into Vi; and join them in both factors exactly to the neigh-
bours of v1;. Similarly we add k new vertices vd;,v3,,... ,v’zfl into V51 and
join them in both factors to the neighbours of v9;. We do the same for v3
and vp3. To obtain a 2-halving of any graph Kop 3 2x+3 21452145, we extend
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the parts V9 and Vay in the same manner—we choose vertices of one of the
“pure” cycles (v1s, v27,v17,v25) Or (V16, V26, V18, V2g)- u

H O R OHOOFROODODODOOoOOoOOoOOo
O O OO R P OOODOOOOoOOo
RO R OORRPRODODOODODODODOoODOOO
OFRORFRFEFMFEFODODODODODODODODODODOOO
_— OO R OFRORFR OO oOo o
OO PP ORFROODODODODODODOOODOO
ORI OO HORFROOOOoOOoOOoOOoOO
_ OO R OFR OO0 0o oo o
OO DD DD DO OO RO, OO
DO DD OO OOHHORrROORRFEO
OO O DODODOODDODOOHORHHEOO
OO OO DD DD OO OO, O RO, OO
OO O DD OO0 RFEFEOFO
OO DD DD OODODOOH KRR OO RO
OO OO DD OO R HOOHORO
DO DD OO OOH OO OO

Figure 1

Now we can state the complete version of Theorem D. The proof follows
immediately from Theorem D and Construction 3.1.

Theorem 3.2. (Theorem D+) Let r, s be odd integers. A complete 4-partite
graph K, , s s has a d-halving for a finite diameter d if and only if

(a) d=4 and max{r,s} >3, or

(b) d=3 andr,s > 1, or

(¢) d =2 and min{r,s} > 3.
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