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Abstract

For a 1-tough graph G we define 03(G) = min{d(u) + d(v)+
d(w) : {u,v,w} is an independent set of vertices} and NCy,—1p15(G)
= max{J7 """ N(vi) : {v1,.,Vp5_nys} is an independent set of
vertices}. We show that every 1-tough graph with o3(G) > n con-
tains a cycle of length at least min{n,2NCy,_,+5(G) + 2}. This re-
sult implies some well-known results of Fafibender [2] and of Flan-
drin, Jung & Li [6]. The main result of this paper also implies that
¢(G) > min{n,2NC3(G) + 2} where NC2(G) = min{|N(u) U N(v)]| :
d(u,v) = 2}. This strengthens a result that ¢(G) > min{n,2NC3(G)}
of Bauer, Fan and Veldman [3].
Keywords: graphs, neighborhood, toughness, cycles.

1991 Mathematics Subject Classification: 05C38, 05C45.

INTRODUCTION

We consider only a finite undirected graph without loops and multiple edges.
For undefined terms we refer to [3]. Let w(G) denote the number of com-
ponents of a graph G. A graph G is 1-tough if for every nonempty proper
subset S of the vertex set V(G) of G we have w(G — S5) < |S|. We use «
to denote the cardinality of a maximum independent set of vertices of G.
A cycle C in G is called a dominating cycle if the vertices of the graph
G —C are independent. The length ¢(C) of a longest cycle C of G is denoted
by ¢(G). For k < a we denote by o} the minimum value of the degree
sum of any k pairwise nonadjacent vertices and by NCj(G) the minimum
cardinality of the neighborhood union of any k such vertices. For k > o we
set o = k(n — a(G)) and NC;, = n — o(G). Instead of o; and NC; we use
the more common notation §(G). If no ambiguity can arise, we sometimes
write « instead of a(G), etc.



6 V.D. Hoa

A number of results have been established concerning long cycles in graphs
with large degree sums. For details we refer to a survey [4] and [7].
Since, clearly, NCy(G) is a non decreasing function of ¢t and NC(G) >
%O‘t(G), analogous results in terms of N C; would extend well-known previous
results [5].

Let d(u,v) denote the distance between u and v. Our main result in the

present paper is Lemma 9 and its consequence.

Theorem 1. If G is a 1-tough monhamiltonian graph of order n > 3 with
o3 > n, then there exists in G an independent set of o3 — n + 5 vertices
{00y, Voy—nra} such that d(vo,v;) = 2 (i > 1) and ¢(G) > 2|U%,"
N(’UZ)‘ + 2.

Clearly, Theorem 1 strengthens the result of Bauer et al. (Theorem 26 in [5])
that under the same hypothesis ¢(G) > 2NC3(G). Theorem 1 also implies
the next result.

Theorem 2. If G is a 1-tough graph of order n > 3 with o3 > n, then
¢(G) > min{n,2NCyy_p45 + 2}.

Theorem 1 and Theorem 2 are strongly related to other results of Broersma,
Van den Heuvel & Veldman [7] and in Van den Heuvel [8].

Theorem 3 (Corollary 6 in [7]). If G is a 1-tough graph of order n > 3
with o3 > n, then ¢(G) > min{n,2NCy5_, . -}, where § = [%].

Theorem 4 (Theorem 11 in [7]). If G is a 1-tough graph of order n > 3
with 03 > n+r >n and n > 8t — 6r — 17, then ¢(G) > min{n,2NC}}.

Theorem 5 (Corollary 7.12 in [8]). If G is a 1-tough graph on n > 3
vertices, then ¢(G) > min{n, 2NCL%(457n+3)J}'

Theorem 2 is in a sense best possible. This can be seen from the construction
by Bauer et al. [3] of a 1-tough graph G,, for odd n > 15. The graph G, is
obtained from {g(n—l)ﬂ UK3UK(,_5)/2 by joining every vertex of K(,_5) /2 to
all vertices in K(,,_1)/2 U K3 and by adding a matching between the vertices
of K3 and three vertices in K, 1y/a- A variation of the graph G,,, with
K (;,—5)/2 replaced by K(,_s)/2, has already appeared in [1].

But we do not know of the existence of 1-tough graphs G on n > 3
vertices with o3 > n and ¢(G) < n — 1 for which Theorem 2 is best possi-
ble. Moreover, we cannot conclude Theorem 2 from Theorem 3, Theorem 4
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and Theorem 5. Let G, p) denote the graph (Fp, U K(n,l)/Q,(ngﬂ)) +
K(ni1)/2-(2p+1) for odd n > 12p + 3 > 27, where Fj, denotes the unique
graph with a degree sequence (di =1, dy =1, ..., dopr1 = 1, dopi2 = 2p+1,
ooy dapyo = 2p+1). Then G (n,p) is a 1-tough graph on n > 27 vertices with
o3 > n. By Theorem 2, ¢(G(, ) > n + 1 — 4p which cannot be deduced
from Theorem 3, Theorem 4 and Theorem 5.

Theorem 2 implies a recent result of Faflbender [2], conjectured in [3].

Corollary 6. If G is a 1-tough graph of order n > 13 with o3 > %, then
G is hamiltonian.

Proof. Clearly, 03 > n forn > 13 and 03 —n+5 > %1 if o5 > 3n514‘
Since G is a 1-tough graph, NC"n74‘| > "T_Z Hence, 2NCyy_py5 + 2 >

2
2"7_2 + 2 =n. By Theorem 2, ¢(G) > min{n,2NCpy,_p15 + 2} = n. Thus,
G is hamiltonian. [ |

Theorem 2 immediately implies a result of Flandrin, Jung & Li [6].

Corollary 7. If G is a 2-connected graph of order n such that d(u)+d(v) +
d(w) > n+ |N(u) N N(v) N N(w)| for every independent set {u,v,w}, then
G is hamiltonian.

Proof. Let G satisfy the stated conditions. Then G is 1-tough [4] and
n < 2NCj5 [7]. The proof is completed by applying Theorem 2 (note that
NCUB_yH_g, > NCg) |

PRrROOFS

Let C be a cycle in G with an assigned orientation. If x and y are two
vertices of C' then x Gy denotes the path on C from z to y, inclusively x
and y, following the assigned orientation. The same vertices in a reverse
order are given by y gz. We will consider # 5y and y gz both as a path
and as a vertex set. If cis a vertex on C, then ¢ and ¢ are its successor and
predecessor on C', respectively, according to the assigned orientation. If X is
a set of vertices on C' let X*:={z":z€ X} and X~ :={2” :2 € X}. If
v e V(G) and H C V(G) then Ng(v) is the set of all vertices in H adjacent
to v. We denote |Ng(v)| by dg(v). If G is a nonhamiltonian graph, we
set pu(C) = max{d(v) : v € V(G) = V(C)} and pu(G) = max{u(C) : C is a
longest cycle in G}.
The following lemmas are already proved in [3].
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Lemma 1 (Theorem 5 [3]). Let G be a 1-tough graph with o3 > n. Then
every longest cycle in G is a dominating cycle.

Lemma 2 (see proof of Theorem 9 [3]). Let G be a 1-tough graph with
o3 > n. If G is nonhamiltonian, then G has a longest cycle C such that C
avoids a vertex vo with d(vg) > % in G.

Lemma 3 (Lemma 8 [3]). Let G be a 1-tough graph with o3 > n. Suppose
C is a longest cycle in G. If vg € V(G) — V(C) and A = N(vg), then
(V(G) = V(C))U AT is an independent set of vertices.

Assume G is nonhamiltonian. Let C' be a cycle in G with an assigned
orientation, v € V(G) — V(C) and v; ,..., v be the elements of N(v),
occurring on C' in a consecutive order. For ¢ = 1, 2, ..., k set u; = v;L and
w; = v;,; (indices modulo k). We set, for convenience, 3 = { i : there exists
some j # i such that u;w; € E(G)}.

The set uigwi will be called a segment; uigwi is a p-segment if
|u; qw;| = p. Let S denote the set of 1-segments. The following lemma is
observation (1) in the proof of Theorem 4 in Broersma et al. [7].

Lemma 4. (V(G) — V(C)) U N(v)" U N(S)*t is an independent set of

vertices.

If d(v) = pu(G) then d(v) > n/3 because of Lemma 2 and therefore S # ().
Let w;,, iy, ..., u;, be the vertices of the 1-segments and assume, without
loss of generality, that ¢; = 1 and d(u1) > d(us,) > ... > d(u;,). Since
C' : vy guyv is a longest cycle, u(G) > d(uy).

Lemma 5. If u(G) = d(v) < "'%2, then d(v) = d(uy).

Proof. Suppose to the contrary that d(u;) < d(v)—1. Let t¢(v) = |[V(C)—
(N(w)UN(@)TUN@)7)|. Byn—1>£(C) =3d(v) —s+tc(v),n—1+s—
3d(v) > to(v) (*). We distinguish 3 cases:

Case 1. s = 1.
By (*) and by Lemma 2, in fact, {(C) = n —1, d(v) = § and tc(v) = 0.
Since G is a l-tough graph, G — N(v) contains at most d(v) compo-
nents. Hence, there is ig # jo and some edge joining wu;, with w;,. Now,
C' 1 VVjy41 G UipWjy o Vig+1? 18 also a longest cycle which avoids wy,. Thus,
d(wj,) < d(v) by the maximality of d(v), and therefore d(uy)+d(w;,)+d(v) <
3d(v) — 1 =n— 1, a contradiction.
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Case 2. s = 2.
By (%), (n?}Ll) > d(v) and therefore d(uq) 4+ d(u;,) +d(v) < 3d(v)—2 <n-1,
a contradiction.

Case 3. s > 3.
In this case we have d(u;) + d(ui,) + d(usy) < 3d(v) —3 < 03 — 1, a contra-
diction. Thus, Lemma 5 is true. [ |

Lemma 6. If C contains only p-segments with p < 3, then < # ().

Proof. Suppose to the contrary that & = ). We consider G — (N (v)U{u; :

u; qw; is a 3-segment and w;w; ¢ E(G)}). Since G is a 1-tough graph there

exists i # j and some arc B joining a vertex p in uigwi with a vertex ¢ in
+

— 3 Cx — j— + T — = N
Uj o Wy By Lemma 3 and since & = (), p=u; =w; or¢=u; =w;,say
+

p=u; =w,; and therefore u;w; € E(G). We distinguish two cases:

Case 1. ¢ = u; (similar for the case ¢ = wj).
In this case C' : vv; qwupBu; qviv would be a cycle longer than C,
a contradiction.

Case 2. ¢ = uj = wj .
In this case C' : vv; gwiupBqujw; v;v would be a cycle longer than C,

a contradiction. Thus Lemma 6 is true. [ ]

Lemma 7. Suppose that S # 0. Let ig = maxS and jo # ig such that
uiwj, € E(G). Suppose that viyuy € E(G) or {u1vj,+1,u1vj,} C E(G).
Then d(uj,) + 2d(v) < (C) + z, where x is the number of vertices u; = wj
such that viyu; ¢ E(G) and {u;vjy+1,uivj, } € E(G).

Proof. To prove this lemma we start with a trivial observation.

(*) If wivy, € E(G) or uvjy11 € E(G) then u; € wjy ¢ Uiy-

For i = 1, 2, ..., k we set L; := u; gviy1. Then dp,(uj,) < |Li] —1
because of wuj, ¢ E(G) by Lemma 3. Since d(uj,) = Y& dp,(uj,) it
suffices to show that dr,(uj,) < |L;| — 2 (i.e. there exists on L; some z # u;
such that zuj, ¢ E(G)) for u; # w; and for u; = w; with v, u; € E(G) or
{uivjor1, uivje } € E(G).

Note that jo > ig and vj,4+1 # vi, by (*) (for i = 1). Thus wu;, ¢ E(G)
if w; # u; and © # jy because of the maximality of ig. If ¢ = jp, then
Vjo+1Uj, € E(G) by (*). If u; = w; with vj,u; € E(G) or {uvjo41,uivj,} C
E(G) then w; € wj, qus, by (*) and therefore v;ijuj, ¢ E(G). Other-
wise, C" 1 ¥ Vjor1 G Ui Vig g Uikl Ujy o Wiy Uig o Vjo¥, When wvyy € E(G),
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/. — — — —
and O 1 vV GUjo+1Ui Vjo G WigWio & WijoVit1 G Vie? When {uvjo11,uivj} C
E(G) would be a cycle longer than C, a contradiction. Thus Lemma 7
is true. [ |

Theorem 1 is obviously established by the next two lemmas.

Lemma 8. Let X = N(v) U{N(w;) : uw; € S}. Then £(C) > 2|X| + 2.

Proof. Let z1, ..., x, be the vertices of X, occurring on C' in a consecutive
order. By Lemma 4, X N X = (). Since G is a 1- tough graph, there exist
some i # j and some arc joining a vertex y on m+ +1 with a vertex z on

;L c Tj41- Without loss of generality, assume that |x cipl < |£L'] cZil-

Then by Lemma 4, zgé{xj, ]_H}lfx =x; ;. Thus, /(C) >2|X|+2. =

Following Broersma et al. [7], we say that a property P holds by the longest
cycle argument, denoted by P(C’), if the contrary implies the existence of a
cycle C’ longer than C.

Now, we give and prove a lower bound of so called 1-segments. Theo-
rem 1 is established by the last lemma.

Lemma 9. Let G be a 1-tough nonhamiltonian graph on n > 3 wvertices
with o3 > n. Then G contains a longest cycle C' avoiding a verter v with
d(v) = u(G) and s > 03 — n + 4.

Proof. Assume to the contrary that s < o3 —n + 3 for any longest cycle C
avoiding a vertex v with d(v) = u(G). Let to(v) = |[V(C)— (N(v)UN(v)™
N(v)7)l-

Claim 1. If C is a longest cycle in G avoiding a vertex v with d(v) = u(Q),
then d(v) < %2 and tc(v) < 2 with strict inequality if n(G) # % or
0C) #n—1.

Proof. Counting the vertices on C' we get n—1 > ¢(C) = 3d(v) —s+tc(v).
Thus, 03 + 2 — tc(v) > 3d(v) and o3 — 3d(v) +2 > tc(v), establishing
Claim 1. -

Claim 2. If C is a longest cycle avoiding a vertex v with d(v) = u(G), then
S = 0.

Proof. Supposing that S # ), we determine ig = max S and jg # g such
that u;,w;, € F(G). First note that if u; = w; and d(u;) = d(v), then by
P(C") wiui ¢ E(G) (C": v gui ui g wjoiy g Vjo+1v when u; € uig g wjq
and C" : vv;q Euiowjogu;guig Vjo+1v When u; € wj, gug,). Similarly,
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uw;, ¢ E(G). Consequently, u;v;, € E(G) or {u;vjo41,uivj, } C E(G) since,
otherwise, tcr(u;) > 3 where C' : vv; G vi41v, which contradicts Claim 1. By
Lemma 5 and by Claim 1, d(u;) = d(v). Now using Lemma 7 we have
d(u1) + d(v) + d(uj,) = 2d(v) + d(ujy) < £(C) + x, where z is the number
of vertices u; = w; such that d(u;) < d(v) — 1. By o3 > n, x > 1. Hence,
d(v) +d(u;,) +d(uj,) < (C)+ 2 —1 and, by similar argument, x > 2. Note
that by %42 > d(v), z < 2 by d(u;,) + d(u;,_,) + d(u;,_,) > o3 and, by
xr > 2, in fact, z = 2. Now we get d(u;,_,) + d(u;,) + d(uj,) < £(C) < n,
a contradiction. [ ]

The next claim is obviously established by Lemma 6, Claim 2 and Claim 1.

Claim 3. If C is a longest cycle and v € V(G) — V(C) such that d(v) =
w(@), then tc(v) =2 and C' contains a 4-segment.

By Claim 1, we get £(C) = n — 1 and d(v) = 03/3. Using the inequality
n—1> 3d(v)—s+tc(v) and to(v) = 2 by Claim 3, we get s > o3—n+3 > 3.
By d(u;) + d(uy) + d(v) > o3, we easily get:

Claim 4. If C is a longest cycle avoiding a vertex v with d(v) = u(G), then
d(u;) > d(v) = % and d(w;) > d(v) with equality if u; = w;.

Claim 5. If C is a longest cycle avoiding a vertex v with d(v) = u(G), then
N(u;) = N(v) for any u; = w;.

Proof. Suppose that there exists some u; = w; such that N(u;) # N(v).
By Claim 4, either u;fu; € E(G) or wy u; € E(G), say uju; € E(G).
Note that ww; ¢ E(G) (C : vvi41 g sy gy u; gve41v) and ww; ¢ E(G)
(C" 2 vy quy upuy u; gvv). Therefore there exits some j such that either
w; wj € E(G) or w; uj € E(G) since w(G — N(v) — {u;}) < d(v) +1 by
the toughness of G and by Claim 2. But w; uj ¢ E(G) ( C : vviy1 guy u;
cuj wy gujv when uj € uf Gu; and O vvj g wind Guj wp G ;v when
uj ¢ u Gu;) and therefore w; w; € E(G). Moreover, w; € us gu;
(C" : wojp gufu; gwjwg guiv). By Claim 2, d(w;) < d(v) — 1 since
wis1 ¢ B(G) (C':vvj1 Guitll G Vip1wwy wj g ui1v), w1 ¢ E(G)
(C" o1 gufu; gujrww; w; guiv) and weuy ¢ E(G) (C' 2 vvjyq
o U wiw; w; g viqv) (note that wywy ¢ E(G)), which contradicts Claim 4.
Thus Claim 5 is true. ]

Now, a longest cycle C' and a vertex vy € V(G) — V(C) with d(vo) = u(G)
are fixed. Then there exists one ¢ such that |u; qw¢| = 4 and [u; gw;| < 2

for any i # t.
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Since G is a 1-tough graph, w(G — N(vp)) < d(vp) and therefore there exist
i # j and some y € u; qw;, z € uj qw; such that yz € E(G). Since § = ()
by Claim 2, either ¢ = t or j = t, say j = t and assume, without loss of
generality, that y = u;. We distinguish two cases.

Case 1. uul € E(G).

We consider the pair u; and C’ :vovigu;L uigvtvo. By the maximality of
d(vg), Claim 4 for vy and C yields pu(C’) = d(u;) = p(G). Now, Claim 3,
4 and 5 can be applied to u; and C'. If v;uy ¢ E(G), then vitlgvivo is
the 4-segment of u; and C’, consequently u;—1 # w;—1. If vjuy ¢ E(G) for
some v; # v;, v; then U}ilgvjjrl is the 4-segment of u; and C’, therefore
either u; gw; or u;—1 gw;—1 is a 2-segment of vy and C'. It follows by s > 3
that some 1-segment of vy and C' is also a l-segment of u; and C’. But
this contradicts N(u) # N(v) and Claim 5 (applied to both pairs vy, C' and
ug, C"). This rejects Case 1.

Case 2. u;w, € E(G).
In this Case N(uf) N N(vg)™ = {us} by Case 1. Since G is 1-tough and
wwy ¢ E(G) (C 2 vovy guiw; g ugwy g vivo) it follows that u; has a neigh-
bor w;. Clearly w; is on w; gvs (C' @ vovjq1 (_j’uj Wj G Uw; GVivg). Now
consider the pair w; and C’ : vy vj11 guf Wj W Ui qVj+1 Vo to obtain
a contradiction as in Case 1. [ |

CONJECTURE

The lower bound on the number of so called 1-segments on a longest cycle
in Lemma 9 is best possible only for ¢(G) =n — 1.

Conjecture. Let G be a 1-tough nonhamiltonian graph on n > 3 wver-
tices with o3 > n. Then G contains a longest cycle C (with an assigned
orientation) avoiding a vertex v with d(v) = u(G) and |[Nc(v) TN Ne(v)~| >
o3 —n+3w(G—-C)+ 1.

The graphs G, ) show that our Conjecture, if true, is best possible,
also in case ¢(G) <n — 1.
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