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Abstract

A connected graph G is said to be arbitrarily partitionable (AP for
short) if for every partition (ni,...,n,) of |[V(G)| there exists a partition
(V4,...,V,) of V(G) such that each V; induces a connected subgraph of G
on n; vertices. Some stronger versions of this property were introduced,
namely the ones of being online arbitrarily partitionable and recursively ar-
bitrarily partitionable (OL-AP and R-AP for short, respectively), in which
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the subgraphs induced by a partition of G must not only be connected but
also fulfil additional conditions. In this paper, we point out some structural
properties of OL-AP and R-AP graphs with connectivity 2. In particular,
we show that deleting a cut pair of these graphs results in a graph with
a bounded number of components, some of whom have a small number of
vertices. We obtain these results by studying a simple class of 2-connected
graphs called balloons.

Keywords: online arbitrarily partitionable graph, recursively arbitrarily
partitionable graph, graph with connectivity 2, balloon graph.
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A. DETAILS FOR THE PROOF OF LEMMA 77

Let B = B(bl,g,g,bi,bj), where by < b3, and by < by < bs. In case by = by,
we assume b3 < bs. We end the proof of Lemma ?? by showing that, no matter
what are by, ba, bs, ba, bs, there is always a A € {1,...,n — 1} such that, for every
partition (S,T) of V(B™") with |S| = X and BT[S], BT[T] being connected, one
of the following conditions is necessarily met.
1. BT[T] € B3(1) — hence BT[T] is not OL-AP by the induction hypothesis;
2. BT[T] € B?(1) UB4(1), and B[T] is a tree not listed in Theorem ?? — hence
B*[T] is not OL-AP by Lemma ?7;
3. r1,r2 € T, and B*[T] is a tree with A(B*[T]) = 4, or in which both r; and
r9 have degree at least 3 — hence not OL-AP according to Theorem ?7.

We basically proceed by case analysis, that is consider the possible values
of by, bo, bs, by, b5. For every case, we indicate below the appropriate choices of
A only, as well as, when applicable, the sets of graphs in B?(1) U Bi(1) (second
situation above) which appear as BT [T for the indicated values of \.

(1) be>2: A=1.

(2) by =1.

(2.1) b = 1.

(2.1.1) by > 3: A= 2.

(2.1.2) by = 2.

(2.1.2.1) bs € {4,6}.

(2.1.2.1.1) by =8 — bs: A=3 — P(2,8 — bs, bs) € {P(2,4,4), P(2,2,6)}.
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(2.1.2.1.2) by £ 8 — bs: A=1 — P(2,b1 +2,bs5) # P(2,4,6).
(2.1.2.2) bs & {4,6}: A=1 — P(2,b, +2,bs) # P(2,4,6).
(2.1.3) by = 1.

(2.1.3.1) by £ 2: A = 2.

(2.1.3.2) bs = 2.

(2.1.3.2.1) by =1 (mod 2): A =2 — Cat(2,b1 + 3).

(2.1.3.2.2) b =0 (mod 2).

(2.1.3.2.2.1) by = 6p+2: A =3 — Cat(3,6p + 3).

(2.1.3.2.2.2) by = 6p+4: A =5 — Cat(2,6p +4), Cat(3,6p + 3).
(2.1.3.2.2.3) by = 6p+6: A =7 — Cat(2,6p + 4), Cat(3,6p + 3).
(2.2) b = 2.

(2.2.1) by = 1.

(2.2.1.1) by > 4: \ = 3.

(2.2.1.2) bs = 3.

(2.2.1.2.1) by = 1 (mod 2): A =4 — Cat(4, by + 1).

(2.2.1.2.2) by =0 (mod 2).

(2.2.1.2.2.1) by =6p+2: A =5 — Cat(3,6p + 3), Cat(4,6p + 2).
(2.2.1.2.2.2) by = 6p+4: A =7 — Cat(3,6p + 3), Cat(4,6p + 2).
(2.2.1.2.2.3) by =6p+6: A\ =3 — Cat(3,6p+9).

(2.2.1.3) by = 2: \ = 3.

(2.2.2) by = 2.

(2.2.2.1) by > 4: A = 3.

(2.2.2.2) bs = 3.

(2.2.2.2.1) by > 2: A =4 — P(2,3,by).

(2.2.2.2.2) by = 1: A =2 — P(2,3,3), Cat(3,6).

(2.2.2.3) by = 2: \ = 3.

(2.2.3) by > 3: A =1 — P(by, bs, by + 3) with min{bs, b5, by + 3} > 3.

(2.3) b3 > 3.
(2.3.1) by =1: A=2.
(2.3.2) by = 2.

(2.3.2.1) bs > 4.
(2.3.2.1.1) by > 4: A =3.
(2.3.2.1.2) by = 3.



(2.3.2.1.2.1) b5 > 5: A =4.

(2.3.2.1.2.2) bs = 4.

(2.3.2.1.2.2.1) by = 2: A =2 — Cat(4,8).
(2.3.2.1.2.2.2) by #2: A =1 — P(2,4,b; +4).
(2.3.2.2) bs € {2,3}: A=1 — P(2,b; +4,bs).
(2.3.3) by > 3: A=1 — P(by + 1+ bs, by, bs).

B. PRroors or LEMMAS 7?7 TO 77

This appendix gathers all the proofs of Lemmas 7?7 to 7?7 of Section 7?7, as well
as some intermediate lemmas needed to prove these statements. It is worth men-
tioning that these proofs often make implicit use of the full characterization of
OL-AP trees (Theorem ?7) and the two sufficient conditions for a graph to be
OL-AP given by Observations 7?7 and ??. In all these proofs, it is assumed that
r < yorxz <y < z generally holds when the corresponding elements have
been introduced. Given a graph G and an integer A € {1,...,n — 1}, an OL-
AP-partition of G for X is a partition (S,T") of V' such that G[S] and G[T] are
connected on A vertices and OL-AP on n — X vertices, respectively. According to
Definition 7?7, the graph G is OL-AP if and only if either G is an isolated vertex
or G admits an OL-AP-partition for every A € {1,...,n — 1}.

Lemma B.1. The graph B(12%,127,7,%) is not OL-AP for every x > 1 and
y > 10.

Proof. Let us prove this claim by induction on z+y as we did to prove Lemma ?7.
As a base case, let us consider the graph B = B(12%,127,1,10). Observe that
B is not OL-AP since it does not admit an OL-AP-partition for 11. Indeed,
every possible choice of 11 vertices as S inducing a connected subgraph of B
makes B[T| being either disconnected, a caterpillar Cat(11,15%), or a tree with
maximum degree 4. For similar reasons, observe that neither B(12%,12% 1,11)
nor B(12%,12%,2,10) are OL-AP since they do not admit an OL-AP-partition
for 12 and 11, respectively.

Let us now suppose that this lemma holds whenever x + y < k — 1 for some
k > 13, and consider a graph B = B(12%,12%,7,%) such that =z +y = k. We
claim that there exists a A € {1,...,n — 1} such that B does not admit an
OL-AP-partition for A, and thus that B is not OL-AP.

e x > 1 and y > 10: under these conditions, there does not exist an OL-AP-
partition of B for 1. Indeed, every possible choice for S which does not make
B[T] being disconnected makes this subgraph being isomorphic to either a
non-caterpillar 3-pode different from P(2,4,6), a tree with maximum degree
4, or a graph not OL-AP according to the induction hypothesis.



e r =1 and y > 11: observe that there does not exist an OL-AP-partition of
B for 2, since every coherent choice for S makes B[T| being disconnected or
isomorphic to either a caterpillar Cat(13%,13"), a tree with maximum degree
4, or a partial balloon which is not OL-AP by the induction hypothesis.

e r > 2 and y = 10: once again, B does not admit an OL-AP-partition for 11
since every choice of 11 vertices as S inducing a connected subgraph of B
makes B[T] being either disconnected, a tree with maximum degree 4, or a
non-OL-AP 3-pode. ]

Lemma B.2. The graph B(127,12%,7,7%, 2) is not OL-AP for every z,y,z > 1.

Proof. We prove this claim by induction on x + y + z. Let us first suppose that
x =y =z =1 and consider the associated graph B = B(12%,127,1,1,1). Once
again, B is not OL-AP since there does not exist an OL-AP-partition of B for
2. Indeed, every possible choice for S makes B[T] being either disconnected, or
isomorphic to either a tree with maximum degree 4 or a tree having two degree-3
vertices.

To complete the base case, observe that B(127,12%,1,2,1) and B(12*+,127,
1,1,2) are not OL-AP since they do not admit an OL-AP-partition for 3. Indeed,
for every coherent choice of S, the subgraph B[T] is disconnected, or isomorphic
to either a tree with maximum degree 4, a tree having two degree-3 vertices, or
a non-caterpillar 3-pode different from P(2,4,6).

Suppose now that this claim holds whenever x +y+ 2z < k—1 for some k > 5,
and consider a balloon B = B(12%,127 7,7, z) where x +y+ 2z = k. Once again,
we consider two main cases.

e z > 1: in this case, B is not OL-AP since it cannot be OL-AP-partitioned
for 1. Indeed, observe that removing one vertex from B makes the remaining
subgraph being disconnected, isomorphic to a tree with maximum degree 4 or
two degree-3 vertices, or isomorphic to a partial balloon which is not OL-AP
according to the induction hypothesis or Lemma ?7.

e z = 1: once again, B is not OL-AP under this condition since it cannot
be OL-AP-partitioned for 2. Indeed, for every coherent choice as S, the
remaining graph B[T] is indeed not connected, a tree with maximum degree
4 or two degree-3 vertices, or a partial balloon which is not OL-AP according
to our induction hypothesis or previous Lemma 77. [

Proof of Lemma ??7. Once more, let us prove this claim by induction on x +y.
Consider first that z = y = 1 and let B = B(127,12%,12%,1,1). Observe that
B is not OL-AP because it cannot be OL-AP-partitioned for 2. Indeed, every
possible choice for S makes B[T] being disconnected, isomorphic to a tree with
maximum degree 4, to a partial balloon which is not OL-AP by Lemma B.2, or
to a partial 6-balloon. In the latter case, such a graph cannot be OL-AP since
otherwise there would exist an OL-AP 6-balloon contradicting Theorem ?7.



Additionally, observe that B = B(12%7,12%,12%7,1,2) cannot be OL-AP-
partitioned for 3. Indeed, for every coherent choice for S, the subgraph BT
is not OL-AP for the same reasons as in the previous case. Hence, B is not
OL-AP.

We now suppose that this claim holds for every x +y < k—1 for some k > 4,
and consider a partial balloon B = B(12%,127,12%,7,y) where x +y = k. Let
us take the following two cases in consideration to show that B is not OL-AP.

e x > 1 and y > 1. notice that, in this situation, B cannot be OL-AP-
partitioned for 1. Indeed, for some similar reasons as the ones we used for
the base cases, we have to consider S = {v{} or S = {v}}. But in both cases,
B[T] cannot be OL-AP by the induction hypothesis.

e r =1 and y > 2: once again, observe that B cannot be OL-AP-partitioned
for 2. Indeed, observe that we must consider S = {v}, v} since otherwise
there would exist an OL-AP 6-balloon, an OL-AP tree having maximum
degree 4, or a graph contradicting Lemma B.2. But for this choice of S, we
have B[T] = B(12%,12%,12% 1,y — 2) which is not OL-AP according to our
induction hypothesis. - [

Proof of Lemma ?7. Once again, this claim is proved by induction on x. Let
us first suppose that 2 = 1 and let B be the partial balloon B(12%, 127 12% 1).
This time, B is not OL-AP since it cannot be OL-AP-partitioned for 2. Indeed,
for every possible choice of S, the remaining graph B[T] is not OL-AP since it is
disconnected, isomorphic to a tree with maximum degree 4, to a non-caterpillar
3-pode different from P(2,4,6) or to a partial balloon which is not OL-AP by
Lemma 77, B.1 or B.2.

Let us now suppose that this claim holds for every x < k — 1 and some
k > 2. To complete the proof, observe that a graph B = B(12%,12% 121 k) is
not OL-AP since it cannot be OL-AP-partitioned for 1. Indeed, for every choice
of S, the subgraph B[T] is not OL-AP according to the induction hypothesis, or
because of one reason used for the base case. [

Lemma B.3. The graph B(12%,12%,7,7%,%) is not OL-AP for every x,y,z > 1.

Proof. We prove this claim by induction on x 4+ y + z. First, let us suppose that
x =y =2z =1 and consider the partial balloon B = B(12%,12%7,1,1,1). Notice
that B is not OL-AP since it cannot be OL-AP-partitioned for 2. Indeed, every
choice of S implies that B[T] is either disconnected or isomorphic to a tree with
maximum degree at least 4. Analogously, observe that neither B(12%,12%,1,1,2)
nor B(12%7,12%,1,2,2) are OL-AP since they cannot be OL-AP-partitioned for
3, and that B(127,12%,1,1, 3) is not OL-AP as it cannot be OL-AP-partitioned
for 2.



Suppose now that this claim holds by induction whenever x+y+z < k—1 for a
k > 6, and consider a partial balloon B = B(121,12", 7,7, %) where x+y+2z = k.
We distinguish the following two main cases depending on x, y and z.

e r>1,y>1and z > 1: suppose we want to OL-AP-partition B for 1. Then,
we must consider S = {v3}, S = {v}} or S = {v}} since, for every other
choice of S, the remaining graph B[T] is either disconnected or isomorphic
to a tree having maximum degree at least 4. But in any of these three choices
for S, the subgraph B[T] is not OL-AP by the induction hypothesis. Thus,
B is not OL-AP.

e r = 1: let & = min({2,3,4} \ {y,2}). In this situation, B cannot be OL-
AP for the same reason as above but for an OL-AP-partition of B for a.
Indeed, for every coherent choice of S, the remaining graph B[T] is not OL-
AP either according to the induction hypothesis, or because it is isomorphic
to a non-connected graph or a tree with maximum degree at least 4. ]

Lemma B.4. The graph B(12%,12% 127, 7,7) is not OL-AP for every z,y > 1.

Proof. Once again, we prove this claim by induction on x + y. We first suppose
that z =y = 1 and let B = B(12%,12%,12%,1,1). Similarly as in the proofs of
the previous lemmas, B is not OL-AP because it cannot be OL-AP-partitioned
for 2. Indeed, for every possible choice of S, the remaining graph B[T] is not
connected, a tree with maximum degree 5, a partial balloon not OL-AP according
to Lemma B.2 or B.3, or a partial 6-balloon. For the latter case, recall that a
partial 6-balloon cannot be OL-AP since otherwise there would exist a 6-balloon
contradicting Theorem ?7. Similarly, observe that B(12%,12% 12" 1,2) is not
OL-AP since it cannot be OL-AP-partitioned for 3.

We finally suppose that the induction hypothesis is true whenever x+y < k—1
for some k > 4, and consider a partial balloon B = B(12%,12%,12%, 7 %) where
x4+ y = k. We distinguish two main cases, depending on the values of x and y,
to prove that B is not OL-AP.

e r > 1 and y > 1: in this situation, B is not OL-AP since it cannot be
OL-AP-partitioned for 1. Indeed, for every choice of S, the remaining graph
BI[T] is not OL-AP either for one of the reasons used for the base cases or
according to the induction hypothesis.

e x =1 and y > 2: the above arguments hold to prove that B cannot be
OL-AP-partitioned for 2. Thus, B is not OL-AP. [

Proof of Lemma ??7. Let us prove this claim by induction on x. We first sup-
pose that z = 1 and consider the OL-AP-partition of B = B(12%,12%,12% 127 1)
for 2. Such a partition does not exist since for every choice of S, the remaining
graph B[T] cannot be OL-AP. Indeed, this subgraph is either not connected, a
tree with maximum degree at least 4, a partial balloon which cannot be OL-AP



according to Lemma ?7 or B.4, or a partial 6-balloon. In the latter case, such a
graph cannot be OL-AP since otherwise there would exist a graph contradicting
Theorem ?7.

Suppose now that B(12%,12%,12% 12", 7) is not OL-AP for every z < k—1
and some k > 2, and consider a graph B = B(12%,12%,12%,12% k). Once again,
B cannot be OL-AP since it cannot be OL-AP-partitioned for 1. Indeed, for
every possible choice for S, the graph B[T| cannot be OL-AP either according
to the induction hypothesis or because of one of the reasons used for the base
case. ]
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