
Discussiones Mathematicae
Graph Theory 37 (2017) 353–368
doi:10.7151/dmgt.1921

WORM COLORINGS OF PLANAR GRAPHS
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Abstract

Given three planar graphs F,H, and G, an (F,H)-WORM coloring of
G is a vertex coloring such that no subgraph isomorphic to F is rainbow
and no subgraph isomorphic to H is monochromatic. If G has at least one
(F,H)-WORM coloring, then W−

F,H(G) denotes the minimum number of
colors in an (F,H)-WORM coloring of G. We show that

(a) W−

F,H(G) ≤ 2 if |V (F )| ≥ 3 and H contains a cycle,

(b) W−

F,H(G) ≤ 3 if |V (F )| ≥ 4 and H is a forest with ∆(H) ≥ 3,

(c) W−

F,H(G) ≤ 4 if |V (F )| ≥ 5 and H is a forest with 1 ≤ ∆(H) ≤ 2.
The cases when both F and H are nontrivial paths are more complicated;
therefore we consider a relaxation of the original problem. Among others, we
prove that any 3-connected plane graph (respectively outerplane graph) ad-
mits a 2-coloring such that no facial path on five (respectively four) vertices
is monochromatic.

Keywords: plane graph, monochromatic path, rainbow path, WORM col-
oring, facial coloring.

2010 Mathematics Subject Classification: 05C10, 05C15.

1 Supported in part by the Slovak VEGA Grant 1/0368/16.

Full PDF

DMGT Page

http://dx.doi.org/10.7151/dmgt.1921
https://www.dmgt.uz.zgora.pl/publish/pdf.php?doi=1921
https://www.dmgt.uz.zgora.pl/


References

[1] K. Appel and W. Haken, Every planar map is four colorable, Bull. Amer. Math.
Soc. 82 (1976) 711–712.
doi:10.1090/S0002-9904-1976-14122-5

[2] M. Axenovich, T. Ueckerdt and P. Weiner, Splitting planar graphs of girth 6 into

two linear forests with short paths, arXiv:1507.02815, 2015.

[3] D.W. Barnette, Trees in polyhedral graphs, Canad. J. Math. 18 (1966) 731–736.
doi:10.4153/CJM-1966-073-4

[4] J.A. Bondy and U.S.R. Murty, Graph Theory (Springer, 2008).
doi:10.1007/978-1-84628-970-5

[5] O.V. Borodin, A. Kostochka and M. Yancey, On 1-improper 2-coloring of sparse

graphs, Discrete Math. 313 (2013) 2638–2649.
doi:10.1016/j.disc.2013.07.014

[6] H. Broersma, F.V. Fomin, J. Kratochv́ıl and G.J. Woeginger, Planar graph coloring

avoiding monochromatic subgraphs: trees and paths make it difficult, Algorithmica
44 (2006) 343–361.
doi:10.1007/s00453-005-1176-8

[7] Cs. Bujtás, E. Sampathkumar, Zs. Tuza, C. Dominic and L. Pushpalatha, Vertex
coloring without large polychromatic stars, Discrete Math. 312 (2012) 2102–2108.
doi:10.1016/j.disc.2011.04.013

[8] Cs. Bujtás, E. Sampathkumar, Zs. Tuza, M.S. Subramanya and C. Dominic, 3-
consecutive C-colorings of graphs, Discuss. Math. Graph Theory 30 (2010) 393–405.
doi:10.7151/dmgt.1502

[9] Cs. Bujtás and Zs. Tuza, F -WORM colorings: Results for 2-connected graphs,
arXiv:1512.00478, 2015.

[10] Cs. Bujtás and Zs. Tuza, K3-WORM coloring of graphs: Lower chromatic number

and gaps in the chromatic spectrum, Discuss. Math. Graph Theory 36 (2016) 759–
772.
doi:10.7151/dmgt.1891

[11] G. Chartrand, D.P. Geller and S. Hedetniemi, A generalization of the chromatic

number, Proc. Camb. Phil. Soc. 64 (1968) 265–271.
doi:10.1017/S0305004100042808

[12] G. Chartrand, D.P. Geller and S. Hedetniemi, Graphs with forbidden subgraphs, J.
Comb. Theory Ser. B 10 (1971) 12–41.
doi:10.1016/0095-8956(71)90065-7

[13] L. Cowen, W. Goddard and C.E. Jesurum, Defective coloring revisited, J. Graph
Theory 24 (1997) 205–219.
doi:10.1002/(SICI)1097-0118(199703)24:3〈205::AID-JGT2〉3.0.CO;2-T
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